Design for Fatigue Strength

Chapter

DESIGN FOR
FATIGUE STRENGTH 3

Introduction

In obtaining the properties such as yield strength, ultimate strength, etc., the specimen is
loaded gradually and sufficient time is allowed for strain to develop in the specimen and loading
is continued till fracture. Such a type of loading is called ““Static loading™.

There are instances in which the stress vary or fluctuate between values. Consider a
rotating shaft with bending loads. A particular fibre on the surface of shaft undergoes bothten-
sion and compression for each revolution of shaft. Suppose the speed of rotation of shaft is
1440 rpm, then the fibre under consideration under goes both tension and compression 1440
times in one minute. If in addition, there is axial loading, (due to the presence of Helical or
Worm gears on the shaft) the axial component of stress is superimposed by bending compo-
nent and the net result is a stress, again fluctuating. These stresses produced in the member due
to fluctuating loads are called fluctuating stress, or repeated or alternating stresses.

A careful analysis of member failing under the action of fluctuating stresses reveals that
the maximum stress at which failure occurs is far below the ultimate strength of material and in
some cases it is even lesser than the yield strength of material. If fatigue failure, the stresses
are repeated many times.

The fatigue failure begins with a small crack. The initial crack is so small that it cannot
be detected by the naked eye and even difficult to locate using magnaflux or X-ray inspection.
This crack will develop at a point of discontinuity in material such as achange in cross section,
a key way or a notch or a hole.

Once acrack has developed, the stress concentration effect becomes greater and the
crack propagates more rapidly. As the stressed area decreases in size, the stress increases in
magnitude and finally the remaining area fails suddenly.

A fatigue failure is characterized by two distinct areas of failure. The first is the
progressive development of crack and the second is due to the sudden fracture.

When machine member fail statically, they usually develop a very large deflection and the
stress exceeds the yield strength of material. Thus, static failures are visible ones and the
part can be replaced before fracture actually occurs.

Fatigue failures gives no warning; it is sudden and total and hence very danger-
ous.
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S.N. Diagram

To determine the strength of materials under the action of fatigue loads, the specimen
are subjected to fatigue loads of specified magnitude and the number of cycles of stress
reversals are counted (recorded) till fracture occurs. The test is conducted on a high speed
rotating machine in which the specimen is subjected to pure bending by means of weights. The
test specimen should be carefully machined and polished with final polishing in an axial direc-
tion to avoid circumferential scratches on the specimen.

To determine the fatigue strength of material, a number of tests are necessary be-
cause of statistical nature of fatigue. In principle, in a rotating beam test, a constant bend-
ing load is applied and the number of revolutions of the beam required for failure is re-
corded.

85mm
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R250
Figure-3.1: Test specimen for rotating beam fatigue testing machine

The first test is conducted at a stress which is slightly lesser than the ultimate strength
of material and the second test at a stress which is less than the stress used in first test. The
test is repeated and the results are plotted as S-N diagram as shown on a semi log paper of a
log-log paper.
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In case of Ferrous metals and alloys, the graph becomes horizontal after the material
has been stressed for a certain number of cycles.

It is very important to notice that even when the material of test specimen and that of
mechanical element are identical, there will be significant changes in the two diagrams.

In case of steels, a Knee occurs in the S-N curve beyond which failure will not occur, no
matter how greater the number of cycles are. The strength corresponding to this Knee is called

fatigue strength or endurance strength o ,. The S.N. curve never becomes Horizontal for
non-ferrous metals and alloys and hence these materials do not have an endurance limit.

Fatigue failure from N =1 to N =10 cycles is generally classified as low cycle fatigue.
The failures for stress cycles greater than 103 cycles are termed as high cycle fatigue.

Inthe S.N curve are also plotted the regions of finite life and infinite life. The bound-
ary between these regions cannot be generally defined except for a specific material. For

steels, the finite life lies upto 107 cycle.

Low Cycle Fatigue

In low cycle fatigue, studies of fatigue resistance of specimen and machine elements
when they are subjected to stress reversals upto 10° cycles are made. A knowledge of fatigue
resistance of low cycle regions is desirable for the design of short lived devices such as
missiles. Afatigue failure begins at a local discontinuity such as notch, crack, etc. or areas
of high stress concentration. When the stress exceeds the elastic limit, plastic strain occurs.
If fatigue fracture is to occur, then there must exist cyclic plastic strains. Hence in low cycle
fatigue, it is necessary to study the behaviour of materials subjected to cyclic deformation.

High Cycle Fatigue

In the S.N curve, the region beyond N =10° cycles of stress is defined as region of
high cycle fatigue.

Endurance Limit modifying Factors

It is unrealistic to expect that the results of a mechanical or a structural member to
match with the endurance strength obtained in the laboratory by testing specimen carefully
prepared and tested under closely controlled conditions. To account for these conditions a num-

ber of modifying factors are applied. With this we can write
o,=Kq K, n, K K; K, o,

Sz

Where, o , = Endurance limit of material of member

o', = Endurance limit obtained from conducted test in the lab

168



Design of Machine Elements- |

K¢ = Surface factor

K,, = Size factor

n, = Factor of safety

K, =Temperature factor

K, = Miscellaneous effect factor

K, = Modifying factor for stress concentration

a) Surface effect

The surface of the specimen tested in laboratory is highly polished. Most of the machine
elements do not have such a high quality finish. The surface factor depends on the ultimate
tensile strength and the process adopted to produce the component such as forging, hot
rolling, cold rolled, ground etc. this factor decreases in value with increased tensile strength
excepting for ground and polished specimens in which the value remains constant.

b) Size effect

The specimen used in rotating beam test has a diameter of 7.5mm. The values of en-
durance limit of machine elements having larger size on different cross sections do not match
with the results obtained from rotating beam method. This effect due to the dimensions, the
shape, and the method of loading is called size effect. Testing of specimen having large di-
mension is very costly and requires expensive laboratory facilities. Because of this reason,
there are only limited data of test results.

C) Stress concentration effects

Stress concentration in mechanical parts are due to the presence of notches, grooves,
holes, etc., alter the stress distribution. Stress concentration is to be considered for parts made
of brittle materials or when they are subjected to fatigue loading.

Fatigue stress concentration factor,

_ Endurance limit of notch — Free specimen
Endurance limit of notched specimen
Modifying factor for stress concentration is given by

f

Notch sensitivity ‘q’ is defined as
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K, -1
K, -1

t

or, K, =1+q(K,-1)

q:

Fluctuating stresses
Many times it is necessary to determine the strength of parts corresponding to stress
situations other than complete reversals. The stress fluctuate without passing through zero.

O ax = Maximum stress
O in = Minimum stress
o, = Stress range

o, = Stress amplitude

|

Stress

Time —

|

Stress

cymin = 0 -
Time —

Figure-3.4: Repeated stress

Figures 3.2 to 3.4 shows the plot of stress versus time for
0) Sinusoidal fluctuating stress

if) Repeated stress and

iif) Completely reversed sinusoidal stress.
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Mean stress o, is given by,

Gm — Gmax +Gmin
2
Variable stress o, is given by,

Figure-3.5: Completely reversed sinusoidal stress

From figure-3.4 we see that o,;, =0(c, =0, )o, =o, for repeated stress and

o, =0 for completely reversed sinusoidal stress (refer figure-3.5).

Fatigue strength under fluctuating stresses
To learn the fatigue resistance of parts when subjected to fluctuating stresses, the
following methods are in use

Modified Goodman Diagram has the mean stress o, plotted along the abscissa and
all other stresses along the ordinate. The endurance limit is plotted on the ordinate. The mean
stress line is 45° line from the origin to point A representing the tensile strength of part.

Maximum stress

Stress o

Minimum stress

!

Tension O
Compression 0 o, G,
J Mean stress ¢, —»
(U]

Figure-3.6: Modified Goodman Diagram

In figure-3.7, mean stress is plotted on the abscissa with tension to the right and

compression to the left of orign 0. Stress amplitude o, is plotted on the ordinate the endur-
ance limit or fatigue strength whichever is applicable to the particular problem s the limiting
value of stress amplitude o, and hence it is plotted on the ordinate. Astraight line from o ,

171



Design for Fatigue Strength

to o, onthe abscissa is the modified Goodman criterion of failure. It is interesting to note

that when mean stress is tension, most of the failure points fall above this line. On the com-
pression side however the failure points show that the magnitude of mean stress has no effect.

stressamplitude |
- Stress amplitude. .

~"~Modified Goodman line

"+ .\~ Soderberg line

G, O, 0 G, O,
-«— Compression Tension —>
Mean stress o, —>

Figure-3.7

The Soderberg line drawn from o, and o, has also been proposed as a criterion for
design because yielding is used to define failure.

Goodman and Soderberg’s relationship
From the above analysis we see that Goodman relationship for fatigue loads is based
on ultimate stress whereas Soderberg’s equation are based on yield stress.

Soderberg’s relations

o) o}

a4 M- for axial loads E(5.4
» , (5. O)
O ba O bm i
_—ba | Zbm _1q for bendmg loads
» , E(5.52)
T T .
a4 M- for torsional loads 4
» , E(5.6 )
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Goodman’s relations

Note:

Where,

Where,

Where,

Where,

—bna

(o} (o} H
a4 m _1q for axial loads

O34 Oy

9, %m _1  for bending loads

O Ow

Tw T

ba 4 "m _q for torsional loads

Tad  Tud

: F
o, = Stress amplitude = Ka

R -F,

Frex = Maximum load on member
F.., = Minimum load on member

A = Area of cross section of member

F
o,, = Mean stress = —
A

F.+F.
F, = Meanload = —m—mn
2
. 0.,
o_,y = Design endurance stress = -
-1d

o, = Endurance stress =50% of o,

n—ld :ksz I(sr I(I n—la

.. E(5.39)

..E(5.51)

.. E(5.63)

... E(5.34a)

.. E(5.32)

... E(5.34b)

.. E(5.33)

.. E(5.19)

.. E(5.13)

k,, = Size correction factor =85% = 0.85

. 1
k., = Surface correction factor = —
e

sr

e, = Surface coefficient. It depends on the ultimate strength of material and
the surface finish.

k, = Load factor
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Where,

Where,

=0.6 for torsional loads
=0.7 for axial loads
=1.0 for bending loads
n_, = Actual factor of safety
L o,
o, = Design yield stress = —
yd
r]yd = I(sz koa r]ya
k., = Stress concentration factor

n, = Actual factor of safety

O

o, =Ultimate design stress = .
factor of safety

. M
7, = Shear stress amplitude = —=

3

) d )
= Section modulus = il for torsion

M
7 = Mean shear stress = —m

T
-y _
t,y =— Where 7, =0.50,

Ny

T
7., =—2= where 7. =25% of o
1d n 1 u
-1d

To design a member for strength, the points to be considered are
Selection of material and selection of design stress to be used to calculate the
proportions of the part which will be sufficiently strong. Induced stress in the part should always

.. E(5.16)

.E(5.12)

. E(5.55)

.. E(5.58)

.. E(5.56)

.E(5.17)
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be lesser than or equal to permissible or allowable or design stress.

Designing of machine member for strength is one of the necessary steps in setting the
proportions of a machine member. The usual steps in machine design consists of determining
the Kinematic arrangement, force analysis, selection of materials and proportioning the
parts. Proportioning of parts may be controlled by any one or all of the following namelystrength,
rigidity, critical speeds, appearance, corrosion rate, fabrication, stability, etc.

The strength of a machine member is influenced by many factors such as stress concen-
tration fatigue, shock surface finish and size of part.

Derivation of Soderberg’s Equation
In deriving Soderberg’s Equation, Endurance stress o , is plotted along Y-axis and

yield stress o, along X-axis.

Y
A
iy
C
Endurance N
stress Failure line
Gfl
O .
f Soderberg's safe stress line
Y Y
. X
(@] | Gm—>| D B -
B o, . Yield stress —
- n ~
- Gy >
Figure-3.8

OA and OB represent the endurance stress and yield stress respectively. The line AB
represents the Soderberg’s failure line. Using factor of safety ‘n’, line CD is drawn parallel to

AB. AB represents safe stress line. Apoint ‘P’ on CD has variable stress o, on Y-axis and

mean stress o, on X-axis.
From similar triangles COD and PED,
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co_op .
PE ED -

(o)
Where, CO= T_l =0 44

And ED=0D-OE

- 5 =6 —
= Op=0,—0

n
Substituting in equation (1) we get,

m

O __ Oy
O, Gyd —Oq
. O, _ Gyd On
l.e., -
O _y Oy
. Oa _ Oy _ O
l.e., -
O Oy Oy
o, _ 1- o,
O _y O yq
Ga Gm _1
O Oy

This is the Soderberg’s equation for fluctuating axial load

Note: If K_ isthe stress concentration factor, then the variable stress o, of E(5.40) is

to be multiplied by K_

For fluctuation bending loads, Soderberg’s equation is

Ga Gm
+—==1 ..E(5.52)

O Oy
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Where, o,, = Bending stress amplitude
— Mba

Opa —Z—b ... E(5.45)

Where, M,. = Bending moment amplitude
M, e — My i

M, = e .. E(5.43)

M, ..x = Maximum bending moment

M, i, = Minimum bending moment

3

| . d
Z, =— = Section modulus = dd
C

d = Shaft diameter
o,, = Mean bending stress
M

— bm

Opm = Z ... E(5.46)
b

M., = Mean bending moment

M b max +M bmin
B .. E(5.44)
For fluctuating torsional loads, Soderberg’s equation is represented by,
LS |
T Ty
Where, 7, = Shear stress amplitude
_M,
7 ... E(5.57)

M, = Torque amplitude
M, .x =M

= —tmax ___ tmin ... E(5.55

> (5.55)
Where, M, ..x = Maximum torque
M, .in = Minimumtorque
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3

J . ) )
Z, = — = Section modulus in torsion = il

C
I\/Itm
t, = Mean shear stress = 7 .. E(5.58)
t
M M,
Where, M, = Mean torque = % .. E(5.56)
7,4 25%0,
T
-1d -1d
T 0.60
Tyd = —y = y
nyd nyd

Example 3.1: Asteel having o, =793.4MPa, o, =552.1%MPa and o, = 448.2MPa is

subjected to an axial load fluctuating between 1kN and 3kN. Determine the diameter
of the rod required based on a factor of safety 2.

Solution:
The member is subjected to fluctuating axial loads. Therefore, the diameter of the rod is
calculated using Soderberg’s equation for axial load given by,

Ga Gm
+—==1 .. E(5.40)

O Oy

To find o, the stress amplitude

o, = Stress amplitude = iAa ... E(5.34a)
. Frax — Foui
F, = Load amplitude = w ..E(5.32)
Where, F.. = Maximum load on member = 3kN =3x10°N

F_ .. = Minimum load on member =1kN =1x10°N
Finax B I::min

Therefore, F,= >
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3 3
_ 3x10° -1x10 _1x10°N

d?

A = Area of cross section of member =

D = Diameter of rod

Fa
Therefore, o, = A
_1x 10° 4000
d? d?
4

To find o, the mean stress

F
o,, = Mean stress = —
A

F_+F,

Where, F._=Mean load =@
3 3

:3><10 +1x10 2% 10°N

F
o, =—"
Therefore, n= A

3 2x10° 8000
d? d?
4

To find o ,,, the design endurance stress

o ,, = Design stress based on endurance limit

Where, o , = Endurance stress

... E(5.34b)

.. E(5.33)

.. E(5.19)

Note: Incase o, isnot available in tables in data hand book, use o , =50%a,

179



Design for Fatigue Strength

n,=K, K, K, n_ ..E(5.13)
Where, K., = Size factor =0.85(assumed )
. 1
K,, = Surface correction factor = — E(5.7)
o .. E(5.

sr

Where, e = Surface coefficient and is obtained from (figure 5.3MDH) based on the

1 Ysr

surface finish
Corresponding o, = 793.4MPa, e, =0.79(approx ) [assuming the rod rough finished].

Therefore, Ky =

=L 1266
0.79

K, =load factor =0.6 for Torsional load
=0.7 for Axial load
=1.0 for Bending load

n,, = Factor of safety =2

Therefore, N, =0.85x1.266x0.7x2=1.507

o, =82 _ 597 41MPa
1.507

D

Curve for rough finished surface

0.79

A

793.4 o, —>
Figure-3.9 (Figure 5.3MDH)
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To find o4, the design yield stress
o4 = Design stress based on yield strength

_9

—a ... E(5.16)
Where, n,, = Design factor of safety based on yield strength

=K, K., n, ..E(5.12)

K, . = Stress concentration factor
=1, assuming no stress concentration
n, = Factor of safety =2

Ny = 0.85x1x2=1.7

Oy

Therefore, Oy =——
Ny

_5%21_ a4 76MPa

Substituting the values of ¢,,0,,0_,, and o, inE(5.40) we get

4000 8000
d? " zd?
297.41 324.76

428 7.84
o e

Therefore, Diameter of rod, d = 3.48mm.

Example 3.2: Asteel rod having o, =793.4MPa, o, =552.1MPa and o_, = 448.2MPa

with rough finished surface is subjected to a completely reversed axial load of 2kN.
Determine the diameter of the rod based on factor of safety of 3. Use Soderberg’s equa-

tion.

Solution:
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For fluctuating axial load, the Soderberg’s equation is

(o) O

- +0_yd =1 ... E(5.40)
Wh o, =2
ere, a A
I:max - len
T — 2
nd 4
4

Note: For a completely reversed axial load of 2kN.

F_ =2kN =2x10°N
F.., =—2kN =—2x10°N

2><103—(—2><103)

_ 2
Therefore, ~ “a = d?
4
Where, d = diameter of the rod
2x10°x4 8x10°
o, = =
d? d?
Fm
o, =—"
A
F.+F. 2x10° +(—2><103)
2 2
d? d?
4 4
ie, o =0

Note: For a completely reversed load, mean stress = 0.
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e, o,=0 for Axial loads
o,, =0 for Bending loads

And 7, =0 forTorsional loads

(o} .
Therefore, the second term —— of Soderberg’s equation becomes zero, and the equa-
Gyd
tion gets reduced to
% 410=1 or c,=0 4
O 14
To find o
O,
O =
N_yq4

K, =0.85
KSI’ = i
€

e, =0.79 (approximate) corresponding to o, = 793.4MPa
(Assuming the surface of rod rough finished)

o= 448.2 ~198.36MPa

0.85x 1 x0.7x3
0.79

Equating o, and o _,, weget,

3
% —198.36

T
Therefore, Diameter of rod, d = 3.58mm.
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Example 3.3: Asteel rod having o, =620.8MPa, o, =400.1MPa and o, =345.2MPa

is subjected to bending moment fluctuating between 200Nm and 400Nm. Determine
the diameter of the rod required based on a factor of safety of 2.5. (VTU-Dec08 / Jan09)

Solution:
For fluctuating bending loads, the Soderberg’s equation is given by,

Ga Gm
+—==1 ..E(5.52)

O Oy

To find o,,, the bending stress amplitude

. . M
o,. = Bending stress amplitude = Zba .. E(5.45)
b
H : M bmax —_ M bmin
Where, M,, = Bending moment amplitude = # .. E(5.43)
M, max = 400NmM = 400x10°Nmm
M, =200Nm =200x10*Nmm

bmin

_ 400x10° —200x10°

Therefore, M,. 5 =100x10°Nmm

| _7d 3

o 32
Where, d=diameter of rod required.
Therefore, Opa = Mo
Zb
100x10°  32x10°
md® - ad’
32

To find o,,, the mean bending stress

. M
o, = Mean bending stress = —"
Zb

Where, M., = Mean bending moment
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_M +M

M — b max bmin
bm 2
_ 400x10° +200x10°
- 2
=300x10°Nmm
heref o _300><103 _96><105
There ore, bm Lds d 3
32

To find o ,,, the design endurance stress

Where, n_]_d = Ksz Ksr KI n—la
K., =0.85(assumed )

e, Curve for rough finished surface

0.81

A

620.8 o, —>
Figure-5.3MDH

Corresponding to o, = 620.8MPa, for rough finished steel rod, e, = 0.81(approx)

K, =load factor =1 (for bending load)
n,,=25

x1x2.5=2.623

1
n., =0.85
Therefore, 14 X 0.81
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345.2
=———=131.58MPa
And 7175603
To find o, the design yield stress
n o
%% = K Ko
yd sz ' “oa''ya

K. = Stress concentration factor =1
(Since there is no stress concentration)
400.1

oa ” 0.85x1x2.5
Substituting the above values in E(5.52) we get,

=188.28MPa

32x10° 95x10°
zd? " zd?
131.58 188.28

Therefore, Diameter of the rod required, d=28.83mm.

Example 3.4: A rough finished steel rod having o, =620.8MPa, o, =400.1MPa and

o, =345.2MPa is subjected to a completely reversed bending moment of 400N-m. De-
termine the diameter of the rod required based on a factor of safety of 2.5.

Solution:
For fluctuating axial load, the Soderberg’s equation is

Oy

O,
_a+b

—=1 ..E(5.52)

O Oy

Where, Opy =—2
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M, .o =400N-m = 400x10°N-mm
M, i, = —400N-m = —400x10>N-mm
M
o-ba = b
Zb
. | 3
Where, Z, = Section modulus =—= 7d
c 32
2
O, =
32
Therefore o = 400x10°x32 128x10°
, 8 nd? md®
M
o-bm = b
Zb
M b max +M bmin
_ 2
nd’
32
400x10° +(-400x10°)
_ 2
Gbm Lds
32
Opy =0

Therefore, Soderberg’s equation E(5.52) gets reduced to

o :
—R +0=1 ie, 0, =04
O_14

To find o ,,, the design endurance stress
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e, Curve for rough finished surface

o
©
-

A

620.8 oy—>

Figure-5.3 MDH

K, =0.85 K _ L and e is obtained from figure-5.3MDH. Corresponding to
e

sr

o, =620.8MPa, e, =0.81, K, =1.0, n,, =25

1 s

345.2
Therefore, O 14 = =131.58MPa

0.85x 1 x1x2.5
0.81

Equating o, and o _,, we get,

5
128-10" _ 131 58

nd
Therefore, Diameter of rod required, d = 31.4mm.

Example 3.5: Acantilever beam shown in figure-3.10 is subjected to load varying from
P to 3P. Determine the value of P. The material of the beam has o, =620.8MPa,

o, =400.1MPa and o, = 345.2MPa. The stress concentration factor may be taken as

1.4. Analyze the member at the change of cross section A-A. Use factor of safety = 3.
(VTU-Dec 06 / Jan 07)
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100mm ', 200mm AF
Py l +
ZB
2 $40 $30
]
]
Z A
7 A y3P
Figure-3.10

Solution:
The member is subjected to fluctuating bending loads.
At the change of cross section A-A, we have,

=3P x 200 = 600P N-mm

Minimum bending moment M, .;, = —P x 200 = -200P N-mm
Soderberg’s equation for bending load is,

Maximum bending moment M

bmax

Oha |, Obm
—2 =]
... E(5.52
O Oy ( )
o Mba
Where, ba Z,
Mbmax - Mbmin
_ 2
d?
4

Here, d =30mm(minimum diameter )

600P —(~200P)
2
a 7Td3
32
_ 400x32P
(30

_ 12800P

5 =0.1509P
71(30)
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M +M

2
nd*
32

bmax bmin

600P +(—200P)
2 6400

md® ad’
32

_ B400P _ 1 o7545p
ﬂ(30)

e, = 0.81 corresponding to o, =620.8MPa (Figure-5.3 MDH)

345.2
Therefore, O 14 = 1 =109.65MPa
0.85x x1x3
0.81
(o2
y
o, =—
yd nYd
__ 9%
Ksz Koa r]ya
_ 4001 119 07MPa
0.85x1.4%x3
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Substituting the values in E(5.22) we get,
0.1509P N 0.07545P 1
109.65 112.07
P =487.94N

Example 3.6: A carbon steel shaft with o, =600MPa, o, =330MPa is subjected to

torsional load varying from 200N-m and 400N-m. Determine the diameter of the shaft
required based on a factor of safety of 3. Base the design on Soderberg’s equation.

Solution:
The shaft is subjected to fluctuating torsional load.
For fluctuating torsional loads, Soderberg’s equation is,

T T
a 4 .m _1
T_14 T

yd

To find z,, the shear stress amplitude

. M
7, = Shear stress amplitude = —=
Zt

M, —-M,_ .
Where, Mta — tmax tmin
2
M nax = 400 N-m = 400x10°N-mm
M, i, = 200 N-m = 200x10° N-mm
3 3
M, = 400x10 . 200x10 100%10°N-mm
Z, = Section modulus in torsion =%
nd?® .
=16 ,  where d = diameter of shaft

100x10° _16x10

Co(ad) A
16

R

Therefore,

.. E(5.64)

..E(5.57)

.. E(5.43)
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To find 7, the mean shear stress

7, = Mean shear stress = l\;‘m ... E(5.58)
t
Where, M, = M+ Mo
2
3 3

_ 400x10 —;200x10 — 300x10° N-mm

300x10° 48x10°
Tn = 3 = 3

7®  xd
16

To find 7_,,, the design endurance shear stress

Note: 7, isnotavailable in data hand book tables and is generally assumed 25% o,

Therefore, 7,4 =0.250,
=0.25x600 =150MPa
r]—ld = Ksz Ksr KI n—la

Where, K, =0.85(assumed )
1
Ke = o ..E(5.7)

And e, isobtained fromequation,
e/, =0.425+0.575¢,, ( for torsion) ..E(5.8)
e, is obtained from figure-5.3MDH; e, =0.91

Substituting in E(5.8)
0.91=0.425+0.575¢,
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Therefore, e, =0.8434

N, =0.85x—~—x0.6x3-1.841
0.8434
150
- _8269MPa
Therefore, T 14 1814

To find 7,4, the design yield shear stress
7,4 = Design yield shear stress = ;—y
yd
Where, t,=0.510 0.60; say r, =0.50
Therefore, t, =0.5x330=165MPa

y

r]yd = Ksz Koa r]ya

=0.85x1x3=2.55

165
=——=064.71MPa
Therefore, Ty 555

Substituting these values in E(5.64) we get,

16x10° 48x10°

+ =1
d? d?
82.69 64.71
d =30.99mm

..E(5.17)

Example 3.7:A carbon steel shaft with o, = 600MPa, o, =330MPa is subjected to bend-

ing moment varying from 100N-m and 200N-m and torsional moment varying from
200N-m and 400N-m. The maximum bending moment occurs at the same time as that
of maximum torsional moment. Determine the diameter of the shaft required based on

a factor of safety of 3.

Solution:

The diameter of the shaft subjected to combined fluctuating torsion and bending loads is

given by,
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D{ = {<Mgm)z+<mgm)2}ﬂ3

T oy

Where, D = Shaft diameter.
Mk:m = Mbm +&Mba
-1d

M +M

M. = —bmax ™ ¥ bmin
bm 2
3 3
_ 200x10° +100x10 =150x10*N-mm
O-S
o-sd =
factor of safety
Z%O=110MPa

Therefore, M., =150x10° +%x 50x10°

=205x10°N-mm

Mt’m = th + Fad Mta
T 14
M +M,
Where, th — tmax tmin
2
3 3
_ 400x10 —|2-200><10 300510 Nornim
M. = thax _thin
ta 2
3 3
_ 400x10 2200><1o —10010°Norrm
T
Tsd v

" factor of safety

..E(14.21)

..E(14.223)

.. E(14.22b)
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_0.6x330 _ cenipa (since 7, =0.60, )
T4
T g =
factor of safety
B 0.250,
factor of safety
025x600

=50MPa

Therefore, M, =300x10°+ % x100x10°

=432x10°mm

Ty

" factor of safety

Ted

B 0.60,
~ factor of safety

_0.6x330 _ 66MPa

Substituting these values in E(14.21) we get,

3

D { 16 - {(205x103)2 +(432><103)2H

T X

Therefore, the diameter of shaft D = 33.29mm.

Example 3.8: A steel shaft with o, =600MPa, o, =330MPa is subjected to bending

moment fluctuating from 200N-m and 100N-m when the torsional moment varies from
400N-m in clockwise direction to 200N-m in the anti-clockwise direction. Determine
the diameter of the shaft required based on factor of safety of 2.

Solution:

The diameter of the shaft subjected to combined fluctuating torsion and bending loads is

given by,
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Where,

D{ = {<Mgm)z+<mgm)2}ﬂ3

T oy

D = Shaft diameter.

O
ro_ sd
M., =M, +——M,,
—1d

M max + M min
Mbm = D 2 D
M, max = 200N-mm = 200 x10° N-mm
M, i, =—100N-mm = -100x10>N-mm
200x10° + (—100 ><103)
bm = 2
=50x10°N-mm
M max M min
Mba = : 2 :
200x10° — (—100><103)
Gy
G =
“ " factor of safety
_330 _165MPa
2
O_y =

" factor of safety

3 0.50,
factor of safety

_0.5x600 _150MPa

=150x10°N-mm

..E(14.21)

..E(14.223)
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Therefore,

Similarly,

Where,

M., —50x10° + 22,150 x10°
150

=215x10°N-mm

M. =M, +—4M, .. E(14.22b)
T 14

th — thax + thin
2

Assuming clockwise moments as positive and anticlockwise moments as negative

M e = +400N-m = 400 x10°N-mm
M, i, = —200N-m = -200x10>N-mm
Tsd = Ty
factor of safety
B 0.60,
~ factor of safety
_ 0.6x600 _ 99MPa
2=
Taa =
factor of safety
3 0.250,
factor of safety
0.25x600 _ 75MPa
M — thax + thin
tm 2
400x10° +(-200x10°)
= =100x10°N-mm
M. = thax — thin
ta 2
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400x10° —(—200><103)
B 2

=300x10°N-mm

Therefore, M, =100x10°+ 3—2 x300x10°

=496x10°N-mm

Ty

" factor of safety

Ted

B 0.60,
~ factor of safety

_0.6x330 _ 99MPa

Substituting these values in E(14.21) we get,

x99

113
D { 16 {(215><103)2 +(496x103)2}2}
Therefore, the diameter of shaft D = 30.29mm.

Example 3.9: A steel shaft having ultimate stress = 600MPa, yield stress = 400MPa is
subjected to bending moment fluctuating from 100N-m to 200N-m when the axial ten-
sile load varies from 10kN and 20kN. The maximum bending moment occurs at the
instant when the maximum load occurs. Determine the diameter of shaft required based
on a factor of safety of 2.

Solution:
The diameter of the shaft subjected to fluctuating axial, bending and torsonial

loads is given by,

1
16 . aF'DY |2
D=— {(Mbw 2 ]+Mt,ﬁ} . E(14.24)
ed
Where, D = Shaft diameter
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Now,

Where,

Therefore,

o
ro_ sd
Mg, =M, +- M,

a

0 14

My, Moz * Mz

_ 200x10° Zlooxlo3 _150%10° Nemm
M, = Mbmax;Mbmin

_ 200x10° ;100><103 50 %10° Nemm
O = factorct;Z safety

:4—(2)0 =200MPa
O 1 k|

- factor of safety

_ 99600 _150vpa (Assuming o, =050, )

M., ~150x10° + 220 50x10°
150

=216.67 x10°N-mm
M, = 0 since no torsional load acts on the shaft.

a = Column factor =1 for axial tensile load

Note: For axial compressive loads on the shaft, « is found using equations (14.64) or

(14.65) depending on slenderness ratio —.

K
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Now, Fo=Fo+—2F
Where, F, = Fmoc* e er P

3 3
:20><10 +10x10 —15%10° N-mm

_ 20x10° -10x10°
- 2

=5x10°N

Oy

" factor of safety

Gsd

:4—(2)0:200MPa

Therefore, F' =15x10° + %x 50x10°

=21.67 x10°N-mm

Ty

" factor of safety

Ted

B 0.50,
~ factor of safety

_ 0.5%x400 _100MPa

Substituting in E(12.24) we get

1
3 3
D{ 16 {216_67X103+1x21.67x10 DH

7 x100 8
Cubing both the sides we get,
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;16 [216.67x10°+2.709x10°D
7 x100 8
By trial and error, the shaft diameter D = 28mm.

Example 3.10: Determine the safe torque that can be transmitted by a solid circular
shaft 60mm diameter with a semi circular groove of 5mm radius limiting the maximum

shear stress induced in the shaft to 100 N/mm? . Also determine the safe power in kW

that can be transmitted at 750rpm.
r=5mm

(A

M, M,

Figure-3.11

Solution:
Refer figure-4.22 MDH

For the given shaft, D =60mm
d =60-2x5=50mm
r = fillet radius =5mm

r
—=—-01
Therefore, 450
D 60
—=—=1.2
And 4 50

Corresponding to %:1.2, =0.1, the stress concentration factor in torsion,

K, =1.45 [fromfigure-4.18A]
We have, Stress concentration factor for torsion

Tnominal

Where, T, =100N/mm?
K, =1.45
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100
- =——=68.97 N/mm?
Therefore, Tnommal 145 /
T M,
B nominal — 5 N
Ut1 | Zt )min
rd?
. 7\ =
Since, O 1
__16M, _16M,
nominal — Lds - d 3
16
_ Tnominal X ﬂ:d ’
' 16
~ 68.97x7(50)’
- 16

=1692778.5N-mm =1692.78 N-m

To determine the power transmitted (N)

Torque, M, = 9550N N-m
n
M.n
N = —t
Power, 9550
~1692.78x 750
8550

Therefore, N =132.94kW

Example 3.11: A section of a shaft of diameter “d’ is joined to another section of a shaft
of diameter 1.5d with a fillet which produces an actual stress concentration factor of
1.2 for the shaft is torsion. The material has a yield point in torsion of 550MPa and
endurance limit of 288MPa in reversed torsion. Using size factor 0.85, surface finish
factor = 0.9 and load factor of 0.6, determine the size of shaft required for a torque
which varies from zero to 2400N-m on the shaft at the critical section. Use design
factor of 2. (VTU-March / April 2000)
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M, = 0 to 2400N-m
r

Figure-3.12
Solution:

For fluctuating torsional loads, the Soderberg’s equation is,

Ta + T 1
— = ...E(5.64
T Ty ( )
Where, T, = Mia _ Mo = Me ... E(5.57)
Z 27,
3 —
M, = 220020720 _ 1500, 10° N-mm
27,
3
7, - zd
16
1200x10?
Therefore, Ty=——3—
wd®
16
_ 16x1200x10°
7d?
Now, Ty = Z‘"‘ .. E(5.58)
t
Where, th — thax + thin
2
_ 2400x10°+0

=1200x10° N-mm
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1200x10°
Therefore, Tn =73
nd®
16
~19200x10°
d?
T4
We have, Ty~
N_yq
Where, r_, =288N/mm?

r]—ld = Ksz Ksr KI n—la
=0.85x0.9x0.6x2
=0.918

288
=—— =311.73N/mm?
Therefore, T 44 0.918 /
- Ty
Finally, Ty =—"
yd
Where, 7, =550 N/mm?

r]yd = Ksz Koa r]ya

=0.85x1.2x2=2.04

5501
Therefore, 7, =7~ =269.61 N/mm?

Substituting these values in Soderberg’s equation we get,

19200x10° . 19200x10°
7d? rd?
313.73 269.61
Therefore, Adopt d = 35mmand D =1.5d =52.5mm

=1

Example 3.12: A cantilever beam of span 2000mm having rectangular cross section
with depth 80mm is subjected to a transverse load at its free end fluctuating between
800N downwards to 2000N upwards. The material selected for the beam has a value of
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yield stress 300 N / mm? and endurance stress 250 N / mm? . Taking factor of safety 2.25,

determine the width of rectangular cross section of beam. (VTU-Exam Question)
2000N
A |<—b —>|
z N
2 d=80mm
Z N '
/I: 2000mm ri Cross section of beam
800N
Figure-3.13
Solution:

The cantilever beam is subjected to fluctuating bending loads. Soderberg’s equation for
bending loads is given by,

Oha |, Obm
—2 =]

... E(5.52
O Oy ( )

To find o,,, the bending stress amplitude

— Mba
Opa = Z_b ... E(5.45)
M,  —-M, .
Where, M, = e . E(5.43)
M, max = 200% 200 N-mm = 4 x10° N-mm
M, min =—800x 200 N-mm = —16 x10° N-mm

bmin
4x10° —(-16x10°)
; 2
=28x10°N-mm

Therefore, M,
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o = 28x10° 2625
@ 1066.67b b

o = IVlbm

Also, bm Z,
M +M, .
Where, Mbm — bmax 2 bmin

B 4x10° +(-16x10°)

5 =12x10°N-mm

o - 12x10°  1124.996
" 1066.67b b

To find o ,,, the design endurance stress

o, =250 N/mm?
r]—ld = Ksz Ksr KI n—la

Where, K, =0.85
Ksr = i
e

K, =1( for bending)
n,, =2.25(given)

To find K, the surface correction factor
Taking, o,=20,

=2x250N/mm?* =500 N/mm? = 500MPa

.. E(5.46)

.. E(5.44)

.. E(5.19)

.. E(5.13)

From figure-5.3MDH, for o, =500MPa, e, = 0.84 (for rough finished rod)
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e, Curve for rough finished surface

500MPa oy—>

Figure-3.14
1
Therefore, K, =—
eSI’
_ 1 11005
0.84
ie., n,, =0.85x1.1905x1x 2.25
=2.27683
250
= =109.8 N/mm?
Therefore, O 14 527683 /
. (o)
Finally, Oy =—" ... E(5.16)
N
Where, o, =300N/mm? (given)

ng =Kg Ko n ..E(5.12)

ya
=0.85x1x2.25=1.9125
Assuming that there is no stress concentration, K_, =1

300
=——_=156.86 N/mm?
Therefore, Oy 19125 /

Substituting the values in Soderberg’s equation, we get
2625 1124.996

b [,|_ b
109.8 | | 156.86

=15mm
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b =31.07mm
Therefore, Width of beam required = 31.07mm.

Example 3.13: A round rod of diameter 1.2d is reduced to a diameter d with a fillet

radius of 0.1d. This rod is to sustain a twisting moment that fluctuates between +2.5kNm

and 1.5kNm together with a bending moment that fluctuates between +1kN-m and -

1kNm. The rod is made of carbon steel 40C8. Determine a suitable value for d.
(VTU-Jan/Feb. 2003)

Solution:

r=0.1d

D=15d d

Figure-3.15

For the given stepped rod, D =1.2d, r =0.1d, d =d

r 0.1d
—=—-=01
Therefore, q q
D 1.2d
—="—=1.2
And q q
Considering torsion, corresponding to & =0.1, % =1.2, K. =1.33 fromfigure-1.19A
MDH
Similarly considering bending, corresponding to & =0.1, g =1.2 and referring figure-
4.21A. Stress concentration factor K =1.625
16 E
_ r\2 1 \2)2
D—Lred {(Mbm) +(th)} } ..E(14.22)
Where M, =M, +—5 M, .. E(14.22)
-1d
M — Mbmax+Mbmin
bm 2
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1+(-1
Therefore, Mpn = +(2 ) =0
M. = Mbmax_Mbmin
ba 2
“O=CY jnem
2
=10°x10*N-mm
=10°N-mm
Gsd Gy

" factor of safety
For 40C8 steel, o, =580—-680MPa say o, = 600MPa
Assuming, o, =060y

=0.6x600 =360MPa
Assuming factor of safety = 3,

o, =29 _120MPa
2

To find o ,,, the design endurance stress

Where, o ,=0.50,
For 40C8 steel, o, =600MPa =0
o, =300MPa
n,, =K, K, K, n,
Use, K, =0.85

.. T(L.6)
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1 1

Ksr = T on
e, 0.82

Note: e, isobtained from figure-5.3 MDH, for o, = 600MPa
K, =1.0 for bending, n_, =3(given)

x1x3=3.11

1
n., =0.85
Therefore, 14 X 0.82

300
=—— =96.46 N/mm®
Therefore, O _yq 311 /
Substituting we get,
M., =0+ 120 100
96.46
=1.244x10° N-mm
' Tsd
Mg, =My, - M. .. E(14.22b)
-1d
M,  +M, .
Where, M, :H ... E(5.56)
6 6
_ 2.5x10° +1.5%10 — 2510° N-mm
2
M, —M, _
M, =H ... E(5.55)
6 6
_ 2.5x10 21.5><10 — 0.5%10° N-mm
T
Tsd = >
factor of safety
_06x200 _5g o N/mm?
4.144

Where, factor of safety,
nyd = KSZ KO'a r]ya
=0.85x1.625x3=4.144
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T4
T 4= o,
_ 0.25x0,
- Ksz Kaa r]ya
- 0'125X600 =152.04N/mm?
0.85x 0.84 x0.6x1.625
e/ =0.425+0.575e, .. E(5.8)
For [Figure-5.3 MDH], for o, =600MPa and for rough finished rod,
e, =091
ie., 0.91=0.425+0.575¢,
Therefore, e, =0.84
Therefore, M, =2x10°+ 2386%16 x0.5x10°
=2.4763x10°N-mm
Now, D { - (M)’ Jf('\/'t’m)zﬂ3 .. E(14.21)
T oy

For 40C8 steel, o, = 600MPa
Assuming o, =060y
=0.6x600 =360MPa

Ty

" factor of safety

Ted

B 0.5x360
factor of safety

_180 _
3

60
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3

7 x60

1
Therefore, D{ 16 {(2.4763x106)2+(1.244x106)2}2}

D =61.32
Use D =65mm

Example 3.14: Around rod of diameter 1.2d has a semicircular groove of diameter 0.2d.
This rod is to sustain a twisting moment that fluctuates between 2.5kNm and 1.5kNm
together with a bending moment that fluctuates between +2kNm and -1kNm. Selecting
carbon steel as material for the rod and choosing a factor of safety = 2.5, determine the

safe value for d. (VTU-July 2006)
M, = 2.5kNm to 1.5kNm
—1kNm /\ / 2kNm
D=12d | d
M,=2kNm 0.2d 1kNm
T 2.5kNm to 1.5kNm

Figure-3.16
Solution:
The shaft is subjected to combined fluctuating bending and torsional loads. The diameter
of shaft is given by,

16 113
_ r\2 1 \2)2
D—Lred {(Mbm) +(My,) } } ..E(14.22)
To calculate 7,
For C30 steel (i.e., 30C8 steel), o, = 490 -588 N/mm? ... T(1-25)

Say o,, =550MPa(an average value)
Assuming o, =060,
o, =0.6x550 = 330MPa

e =233 _165mpa
2 2

y
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o= T
“ " factor of safety
_165_ 66MPa
2.5

To calculate My,

O
ro_ sd
M., =M, +—=xM,
yd

M +M,
Where Mbm — b max bmin
2
M, = 2KNm; M, . =—-1kNm
2+(_1) 5
Therefore, My, = 5 =0.5kNm =5x10>N-mm
M, —M, _
Similarly, M, = e
2—(-1
=% =1.5kNm=15x10° N-mm
Gy
Gsd =
factor of safety
_330_130mpa
5
(o}
y .
Oy =—""
Yy nyd
Where ng =K, Koo Ny
K, =0.85
For the given shaft,
b 1tz _,,
d d
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Lzo-ld o1
d d

Corresponding to % =1.2and & =0.1,

K, =1.872 for bending,
K, =1.45for torsion.
Therefore, n,y =0.85x1.875x2.5=3.9844

330
Therefore, iy 82.82MPa
Therefore, M, =5x10°+ :;:; x15x10°
=20x10°N-mm
M. =M, +xM,
Tyd
M,  +M, .
Where, th — tmax 5 tmin
5 5
_ 25x10 —2|-15><10 — 20%10° N-mm
Mta _ thax ;thin
5 5
_ 25x10°-15x%x10 5% 10° N-mm
2
Ty = Oy
“ " factor of safety
0.6
_209, 06330 49 o0pa
2.5 2
T
_ Y
Tyd nYd
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06,
- KSZ Kaa n

ya
06330
0.85x1.45x 2.5

79.2
M' =20x10° +
Therefore, m X 64.26

=64.26 MPa

x5x10°

=26.162x10° N-mm
Substituting in E(14-21) we get,

D:[ 16 {(20x105)2+(26.162x105)2}f

T %66

D =63.33mm
Adopt d =62mm (standard size)

Example 3.15: A stepped shaft of circular cross section shown in figure-3.17 is made of

20Mn steel (o, =431.5MPa). Determine the value of d and the fillet radius r so that
the maximum stress will be limited to a ratio corresponding to a factor of safety of 2.5,

and taking stress concentration factor into account. (VTU-Dec 07/Jan 08)
r=0.1d
/\ T + 30kN
D=1.2d d ?
M, M,
: f
J I: 250mm -
Figure-3.17
Solution:
The stepped shaft is subjected to bending and hence the bending stress induced is given
by
_ b
Oy Zb
Where, M, =30kNx 250

=30x10° x 250 = 75%x10° N-mm
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To calculate stress concentration factor K

For the given shaft,
b_txd_,,
d d
L
d d
Referring to figure 4.21A,
K, =1.66
Stress concentration factor,
K(7 — o-bmax
o-bnominal
Where, K, =1.66
_ GY
Gbmax -
factor of safety
= 4315 =172.6MPa
5
Therefore, K, = Tomax_
Gbnominal
166 172.6
Gbnominal
Therefore, O prominal = 103.98MPa
o, My
But, bnominal mein
5
_75x10° 08
nd®
32

Therefore d=90.23mm and r =0.1d =9.023mm
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